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Abstract 



In this paper the solution of the hyperbolic Klein-Gordon thermal 
equation are obtained and discussed. The analytical form of the so- 
lution - Green functions are calculated for one and three dimensional 
cases. It is shown that only in three dimensional case the undisturbed, 
with one value of the velocity, thermal wave can be generated by at- 
tosecond laser pulses. The conductivity for the space-time inside the 
atom is calculated and the value o"o = lO 6 ^^ is obtained. 

Key words: Attosecond laser pulses; Klein-Gordon equation; 
Green functions. 
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1 Introduction 



The continuing progress in the technology of ultra-short pulse lasers has led 
to the landmark breakthrough and to the birth of attosecond physics PJ-jHl- 
Attosecond pulses of X-rays are produced when intense sub-fs laser pulses 
interact with gases. Under the action of strong laser fields on the atom, a 
wave packet is formed each time the laser field passes its maximum value. 
Within the next laser period there is a probability that the electron having a 
high kinetic energy return to the ion. The energy of electrons which do return 
back to the ion is easily calculated from the classical electron trajectory in the 
laser field. For the maximum energy one obtains i? max ~ 3.2Up, where Up 
is the laser ponderomotive potential. Reencountering the ion, the electron 
radiates a burst of X-rays with energy up to hu c = 3.2Up+Ip, where Ip is the 
ionization potential. From the mechanism of electron-ion reencounter, one 
expects that the high harmonics are phase locked and merge in the form of 
the attosecond pulses. If the lasers pulse is many oscillations long, a train of 
attosecond pulses is produced. When the laser pulse duration is comparable 
to its period then solitary attosecond pulses can be generated. 

In this paper the interaction of attosecond laser pulses with matter will be 
investigated. Considering the results presented is our monograph [7] we will 
use the hyperbolic Klein-Gordon thermal equation (KGT) [7]. The solution 
of KGT in the form of the Green functions will be obtained and investigated. 



In the last few decades there has been extensive theoretical, and more recently 
experimental research on the quantum-classical transition. It has been noted 
that every physical system is, in fact an open quantum system interacting 
with its environment. Consequently the evolution of the system leads to the 
suppression of the quantum coherent effects. This process of environment 
induced decoherence has been considered to be an essential ingredient of the 
quantum classical transition. 

In the book [JJ the model for quantization of classical thermal field was 
proposed. As the result the quantum heat transport equation was obtained [JJ 



2 The model 
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In equation (JTJ) v is the speed of the interaction propagation, v = ac where 
a is the fine structure constant, m is the heaton mass, V is potential and 
T denotes temperature of the system, Ti is the Planck constant. In the 
procedure of the quantization the formula for discrete value of the quantum 
of the relaxation time was obtained: 



n 



h 



T 



mv 2 ma 2 c 2 



(2) 



With the Eq. (0) and formula (J2J) the interatomic transport phenomena can 
be described. For the hydrogen type of atoms (i.e. with one electron active) 
r is of the order of ~ 10~ 17 s= lOas. Recently the attosecond laser pulses were 
obtained and investigated pEj-jO]- From the above discussion it is obvious that 
attosecond laser pulse create the perturbation of structure of the matter on 
the atomic level and for the fact that At < r the equation is the master 
equation for the thermal processes on the nanometer scale. 

The Eq. {1} is the hyperbolic PDE. The equation with the same mathe- 
matical structure describes for example propagation of the electromagnetic 
field E in the conductors jH] 



d 2 E a dE „ 2 „ 
at 2 e dt 



With the substitution 



E 



:f( X ,t). 



(3) 
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Eq. (J3J) can be written as 
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The Ansatz 



T 



£o_ 

(TO 



(6) 



defines the relaxation (decoherence) time for the electromagnetic field E (r). 

Comparing Eq. (J2J) and (0) we get the definition of the electrical conduc- 
tivity of inneratomic space: 



n 



eo 



cr ma 2 c 2 



(7) 
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i.e. 

2 2 1 

ma c fi 1 
ff0 = Eo _ „ 10 «_ (8) 

for en ~ 8.8 • 10~ 12 — in SI units, where F means farad. 

From formula (JHJ) we conclude that conductivity of the space time for the 
atomic electron is described by the fundamental constants of nature. The 
conductivity cr , formula (JHJ), is the pure quantum effect. Formula (JHJ) can be 
written as 

= -r— , (9) 
Ab 

where Ag denotes the de Broglie'a wave length of the heaton pQ 

Xb = • 10 

mac 

3 The Green function for the Klein-Gordon 
thermal equation in one and three dimen- 
sions 

In the generalized heat transport equation (JI} we seek a solution in the form 

T{r,t) = e~^u{r,t), (11) 
where the relaxation time r equals 

n 



mv 2 

After substitution Eq. ([lip into Eq. (JTJ) one obtains 
where 



12) 



- v 2 Au + q 2 u (f, t) = 0, (13) 



q= —> — Vw) ■ (14) 



First we solve in one dimension: 

d 2 u 



dt 2 



— v u xx + q u = 0, — oo < x < oo, (15) 

u(sc, 0) = $(x), u t {x, 0) = (16) 
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where v and q are positive constant. 

The Fourier transform of the Green function for one dimensional Klein- 
Gordon equation fulfills the equation [§| 

d 2 G(k,t) _ , 2 



dt 2 

with boundary conditions 



v 2 k 2 G(k,t) - q 2 G(k,t) (17) 



G(M) = 0, ^^(*,0) = 1. (18) 



The Eq. (JU) has the solution 



sin it^v 2 k 2 + q 2 
G(A; > t) = — ^= ^_ y . (19) 



\Jv 2 k 2 + g 2 
In the (x, t) plane G(z, t) has the form [2 



30 sin (V« 2 fc 2 + 9 2 ) . k dk 

G(x,t) = / v ^-e lk — 

^v 2 k 2 + q 2 27r 



= ^ J °^V t2 -^j for l x l<^ ( 2 °) 
G(x,i) = for \x\ > vt (21) 

and Jo is the modified Bessel function. 

In three dimensions using the same method we obtain [H] 

r r roo sin ( tJ v 2 k 2 + q 2 ) _ j£ 
G (r, t)= -Ai Z e »™. (22) 

We will calculate the integral (|SJ) in the spherical coordinates, Let 6* denotes 
the angle between k and r. Then Eq. (|SJ) takes the form 

G (f, t)=Jf f dm (^ FT7 )-^. x (23) 
' ' ' + g 2 8tt 3 
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The $ and 9 integrals are easily integrated out to get 

I g r°° sin (t^Jv 2 k 2 + q 



G (f, t) 



^V 2 k 2 + 



k sm(kr)dk. 



(24) 



— ' "' M " f ^ . pull the outside of integral and 



Now we can write ksin(kr) — g- FLii ± u «v, 

use the fact that the integral is an ever function of k, to get |Hj 



i.e. 



G (f, t) 



G(r,t) 



j ^ roo sin (t^Jv 2 k 2 + g ; 



4 vr 2 r ^ r 

i a 



^Jv 2 k 2 + g 2 



4-yr-ur 5r 



-7 MO UA t 2 "-T 



(25) 



(26) 



Carrying out the derivative and using the identity J = —J\ and Jq(0) = 1 
we get [Oj 



G(r,t) 



1 S (Ji 2 - r 2 ) - qH {vH 2 - r 2 ) ^ 
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V i> 2 t 2 — r 2 



2ttc 



47rv 2 V y 2 t 2 — r 2 



(27) 



This means that the Green function for thermal K-G equation in three di- 
mensions is the Dirac delta function 5 (v 2 t 2 — r 2 ) on the wave cone r = vt 
plus a Bessel function inside the cone. 



4 Conclusions 

The borderland between the classical and quantum physics is extensively 
investigated. In this paper the quantum Klein-Gordon thermal (KGT) equa- 
tion is discussed. The KGT is obtained when mean free path is equal to the 
de Broglie'a wave length. Due to its quantum nature KGT can be used to 
the description of the thermal processes on the atomic scale. In this paper 
the solution of KGT for one and three dimensional transport phenomena 
are obtained and discussed. The conductivity for space-time in the atom is 
calculated and the value <t = 10 6 -J— is obtained. 
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